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The Number of Monochromatic Schur Triples
TOMASZ SCHOEN†
In this paper, we prove that in every 2-coloring of the set {1, . . . , N } = R ∪ B, one can find at
least N 2/22+ O(N ) monochromatic solutions of the equation x + y = z. This solves a problem of
Graham et al. [1].
c© 1999 Academic Press
1. INTRODUCTION
A triple of integers {x, y, z}, where x 6= y is called a Schur triple if x + y = z. A classical
theorem of Schur [4] states, that for every r ∈ N and every sufficiently large N ∈ N in each
partition of [N ] = {1, . . . , N } into r classes, one can find a Schur triple in the same partition
class. Such a triple is called a monochromatic Schur triple.
In this paper we investigate the number of monochromatic Schur triples in 2-partitions (2-
colorings) of [N ]. Let us define:
S(N ) = inf
[N ]=R∪B
S(N ,R,B),
where S(N ,R,B) is the number of monochromatic Schur triples in a coloring [N ] = R∪B.
It is easy to see that S(N )must be of the order N 2. Graham et al. [1] enquired about the value
of the limit
lim
N→∞ S(N )/N
2,
provided such a limit exists.
The best known upper bound is due to Zeilberger and is given by the coloring R = {i ∈
[N ] : 4N/11 ≤ i < 10N/11} and B = [N ] \R. There are only N 2/22 monochromatic Schur
triples in this coloring, hence
S(N ) ≤ N 2/22.
The best known lower bound was given by Graham et al. [1]. Using Goodman’s result,
which says that in every 2-coloring of edges of a complete graph on N vertices one can find
at least N 3/24+ O(N 2) monochromatic triangles, they proved
S(N ) ≥ N 2/38+ O(N ).
In this paper we solve the problem of Graham et al.showing that
S(N ) = N 2/22+ O(N ).
This result was obtained independently at the same time by Robertson and Zeilberger [2]. Fur-
thermore, we also establish a structural result. The main theorem states that, roughly speaking,
every extremal coloring looks like Zeilberger’s example. In particular, this result allows us to
determine the exact value of S(N ).
Our approach is more general and actually one can obtain analog results for arbitrary linear
equation a1x1 + · · · + ak xk = b. In this paper, we consider the special case x + y = z.
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2. THE NUMBER OF MONOCHROMATIC SCHUR TRIPLES
Let [N ] = R ∪ B be an arbitrary 2-coloring. We use the following notations:
R1 =R ∩ {1, . . . , bN/2c}, B1 = B ∩ {1, . . . , bN/2c},
R2 =R ∩ {bN/2c + 1, . . . , N }, B2 = B ∩ {bN/2c + 1, . . . , N },
R = |R ∩ [N ]|, B = |B ∩ [N ]|,
R1 = |R ∩ {1, . . . , bN/2c}|, B1 = |B ∩ {1, . . . , bN/2c}|,
R2 = |R ∩ {bN/2c + 1, . . . , N }|, B2 = |B ∩ {bN/2c + 1, . . . , N }|.
We introduce the quantities S ′(N ,R) and S ′(N ,B) defined to be, respectively, the numbers
of red and blue triples {x, y, z} such that x+ y = z and x = y. Let S ′(N ,R,B) be the sum of
these quantities. It is obvious that S ′(N ,R,B) ≤ N/2. For the sets R and B we also define
the following functions:
fR(α) =
∑
r∈R
e2pi irα,
fB(α) =
∑
b∈B
e2pi ibα.
Now we can express the number of monochromatic Schur triples as a certain integral, as in
the ‘circle method’ (see, for example [3]). Let us observe that the integral below is equal to
twice the number of red Schur triples plus the term S ′(N ,R):
IR =
∫ 1
0
fR(α) fR(α) fR(−α) dα
=
∫ 1
0
∑
r,r ′,r ′′∈R
e2pi i(r+r ′−r ′′)α dα
=
∑
r,r ′,r ′′∈R
∫ 1
0
e2pi i(r+r ′−r ′′)α dα
=
∑
r,r ′,r ′′∈R,
r+r ′=r ′′
1 = 2|{{r, r ′, r ′′} : r, r ′, r ′′ ∈ R, r < r ′ and r + r ′ = r ′′}| + S ′(N ,R).
This implies
S(N ,R,B) = (IR + IB)/2− S ′(N ,R,B)/2.
The above formula expresses the number of monochromatic Schur triples of a coloring [N ] =
R ∪ B in a convenient way. Let us formulate the main lemma.
LEMMA 1 (MAIN FORMULA). For every 2-coloring [N ] = R ∪ B, the following formula
holds:
S(N ,R,B) = 1
4
(R(R − 1)+ B(B − 1)− N (N − 1)/2+ |{(r, r ′) : r, r ′ ∈ R and r + r ′ ≤ N }|
+|{(b, b′) : b, b′ ∈ B and b + b′ ≤ N }|)− 1
2
S ′(N ,R,B).
PROOF. Let us observe that
fR(α)+ fB(α) = S(α),
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where S(α) = ∑
n∈[N ]
e2pi inα . Now we can transform the integral IR as follows:
IR =
∫ 1
0
( fR(α))2 fR(−α) dα
=
∫ 1
0
(S(α)− fB(α))2(S(−α)− fB(−α)) dα
=
∫ 1
0
(S(α))2S(−α) dα − 2
∫ 1
0
S(α) fB(α)S(−α) dα
+
∫ 1
0
( fB(α))2S(−α) dα −
∫ 1
0
(S(α))2 fB(−α) dα
+2
∫ 1
0
S(α) fB(α) fB(−α) dα − IB.
Similarly,
IB =
∫ 1
0
( fB(α))2 fB(−α) dα
=
∫ 1
0
(S(α)− fR(α))2(S(−α)− fR(−α)) dα
=
∫ 1
0
(S(α))2S(−α) dα − 2
∫ 1
0
S(α) fR(α)S(−α) dα
+
∫ 1
0
( fR(α))2S(−α) dα −
∫ 1
0
(S(α))2 fR(−α) dα
+2
∫ 1
0
S(α) fR(α) fR(−α) dα − IR.
Summation gives,
2IR + 2IB = 2
∫ 1
0
(S(α))2S(−α) dα
−2
(∫ 1
0
S(α) fR(α)S(−α) dα +
∫ 1
0
S(α) fB(α)S(−α) dα
)
−
(∫ 1
0
(S(α))2 fR(−α) dα +
∫ 1
0
(S(α))2 fB(−α) dα
)
+
∫ 1
0
( fR(α))2S(−α) dα +
∫ 1
0
( fB(α))2S(−α) dα
+2
∫ 1
0
S(α) fR(α) fR(−α) dα + 2
∫ 1
0
S(α) fB(α) fB(−α) dα
= −
∫ 1
0
(S(α))2S(−α) dα +
∫ 1
0
( fR(α))2S(−α) dα +
∫ 1
0
( fB(α))2S(−α) dα
+2
∫ 1
0
S(α) fR(α) fR(−α) dα + 2
∫ 1
0
S(α) fB(α) fB(−α) dα.
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Note that
∫ 1
0
(S(α))2S(−α) dα = |{(n, n′) : n, n′ ∈ [N ] and n + n′ ≤ N }| = N (N − 1)/2,∫ 1
0
( fR(α))2S(−α) dα = |{(r, r ′) : r, r ′ ∈ R and r + r ′ ≤ N }|,∫ 1
0
S(α) fR(α) fR(−α) dα = |{(r, r ′) : r, r ′ ∈ R and 0 < r − r ′ ≤ N }| = R(R − 1)/2,∫ 1
0
( fB(α))2S(−α) dα = |{(b, b′) : b, b′ ∈ B and b + b′ ≤ N }|,∫ 1
0
S(α) fB(α) fB(−α) dα = |{(b, b′) : b, b′ ∈ B and 0 < b − b′ ≤ N }| = B(B − 1)/2.
Finally, in view of
S(N ,R,B) = (IR + IB)/2− S ′(N ,R,B)/2,
we obtain the main formula
S(N ,R,B) = 1
4
(R(R − 1)+ B(B − 1)− N (N − 1)/2+ |{(r, r ′) : r, r ′ ∈ R
and r + r ′ ≤ N }| + |{(b, b′) : b, b′ ∈ B and b + b′ ≤ N }|)− 1
2
S ′(N ,R,B),
which completes the proof. 2
Let us define
C(N ,R,B) = 2|{(r, r ′) : r ∈ R1, r ′ ∈ R2 and r + r ′ ≤ N }|
+2|{(b, b′) : b ∈ B1, b′ ∈ B2 and b + b′ ≤ N }|.
Then one can easily obtain
|{(r, r ′) : r, r ′ ∈ R and r + r ′ ≤ N }| + |{(b, b′) : b, b′ ∈ B and b + b′ ≤ N }| =
|{(r, r ′) : r, r ′ ∈ R1 and r + r ′ ≤ N }| + |{(b, b′) : b, b′ ∈ B1 and b + b′ ≤ N }|
+ C(N ,R,B) = R21 + B21 + C(N ,R,B).
Hence the value of C(N ,R,B) is the only unknown quantity in the main formula. The aim of
the next lemmas is to give an explicit lower bound for this expression.
First, we will give a trivial lower bound for C(N ,R,B). Let us define t = min{R1, R2, B1, B2}.
FACT. For every 2-coloring [N ] = R ∪ B the following inequality holds
C(N ,R,B) ≥ t2 + O(N ).
PROOF. We may assume that t = R1 and N is an even number. Note that for every number
i with N/2+ 1 ≤ i ≤ N/2+ R1 there are at least R1− i + 1 monochromatic pairs ( j, i) such
that i + j ≤ N . Consequently, we have
C(N ,R,B) ≥ 2
R1∑
i=1
(R1 − i + 1),
hence
C(N ,R,B) ≥ t2 + O(N ). 2
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We will make use of the following auxiliary fact. If N is an even natural number for the
coloring [N ] = R∪B, we define a new coloring [N ] = R′ ∪B′, constructed in the following
way
n ∈R′1 if and only if n + N/2 ∈ R2,
n ∈R′2 if and only if n − N/2 ∈ R1,
and of course B′ = [N ] \ R′. This implies that there is a bijection between monochromatic
pairs (n,m) with n ≤ N/2, m > N/2, n + m ≤ N in [N ] = R ∪ B and [N ] = R′ ∪ B′, so
C(N ,R,B) = C(N ,R′,B′).
In the following lemmas, we will use the notation {2, . . . , N − 1} = R ∪ B which states
that the setsR and B are restricted to the set {2, . . . , N − 1}. Put
C(N − 2,R,B) = 2|{(r, r ′) : r ∈ (R1 \ {1}), r ′ ∈ (R2 \ {N }) and r + r ′ ≤ N }|
+2|{(b, b′) : b ∈ (B1 \ {1}), b′ ∈ (B2 \ {N }) and b + b′ ≤ N }|.
LEMMA 2. For every 2-coloring [N ] = R ∪ B such that R2 ≥ R1 + B2 the following
inequality holds
C(N ,R,B) ≥ R21 + B22 + O(N ).
PROOF. First note that it is enough to prove this lemma for even N , because adding one
element (for example, (N+1)/2) does not change the number of the considered pairs by more
than N/2.
We proceed by a double induction with respect to R2 and N . We assume that our lemma is
true for every 2-coloring of [N ] and deduce that it is also true for every 2-coloring of [N + 2].
Let us fix the number R2. We start the induction argument with N = 2R2; hence B2 = 0 and
B1 = R2−R1. If R2 ≥ R1+B2 holds, it is not difficult to see that C(N ,R,B) is minimized by
the partitionB = [B1] andR = [N ]\[B1], which implies that C(N ,R,B) ≥ R21+B22+O(N ).
Now suppose that N + 2 ≥ 2R2. We will consider many cases with respect to the colours
of elements 1 and N + 2.
Case 1. Let 1, N + 2 ∈ B.
Then the coloring {2, . . . , N+1} = R∪B satisfies the assumptions of lemma. Indeed, since
R2 ≥ R1+ B2, we have R2 ≥ R1 + B2− 1. Hence we can apply the induction hypothesis, so
C(N + 2,R,B) = C(N ,R,B)+ 2B2 − 2 ≥ R21 + (B2 − 1)2 + 2B2 − 2+ O(N )
= R21 + B22 + O(N + 2),
where the term 2B2−2 is just two times the number of pairs (1, b), where b ∈ (B2 \{N +2}).
Case 2. Let 1 ∈ R and N + 2 ∈ B.
Then, R2 ≥ R1 + B2 − 2 also holds. So, we can directly use the induction hypothesis and
obtain
C(N + 2,R,B) = C(N ,R,B)+ 2R2 ≥ (R1 − 1)2 + (B2 − 1)2 + 2R2 + O(N )
= R21 + B22 + 2(R2 − R1 − B2)+ O(N + 2) ≥ R21 + B22 + O(N + 2).
Case 3. Let 1, N + 2 ∈ R.
Since R2 − 1 ≥ R1 − 1+ B2, we can again apply the induction hypothesis
C(N + 2,R,B) = C(N ,R,B)+ 2R2 − 2 ≥ (R1 − 1)2 + B22 + 2R2 − 2+ O(N )
≥ R21 + B22 + O(N + 2).
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Case 4. Let 1 ∈ B and N + 2 ∈ R.
Subcase 4a. R2 ≥ R1 + B2 + 1.
Then also R2 − 1 ≥ R1 + B2; hence, we obtain
C(N + 2,R,B) = C(N ,R,B)+ 2B2 ≥ R21 + B22 + O(N + 2).
Subcase 4b. R2 = R1 + B2.
If R1 = 0, then we obtain the required inequality from Fact.
If R1 ≥ 1 and r ∈ R1, then we change the colours of the elements 1 and r to create a new
coloring, [N + 2] = R′′ ∪ B′′. Note that in the new coloring the number of monochromatic
pairs (i, j) with i + j ≥ N + 2 can increase by no more than 2B2. Finally, we have
C(N + 2,R,B) ≥ C(N + 2,R′′,B′′)− 2B2 = C(N ,R′′,B′′)+ 2R2 − 2B2
≥ (R1 − 1)2 + B22 + 2R2 − 2B2 + O(N )
= R21 + B22 + O(N + 2). 2
LEMMA 3. For every 2-coloring [N ] = R ∪ B, such that R2 ≤ R1 + B2, B2 ≥ R1 and
R2 ≥ R1, the following inequality holds
C(N ,R,B) ≥ R21 + (R2 − R1)B2 + O(N ).
PROOF. Again, we can assume that N is an even integer and proceed by a double induction
with respect to B1 and N . Let us assume that our lemma is true for every 2-coloring of [N ].
We will deduce that the lemma is also true for every 2-coloring of [N + 2]. Let us fix B1.
We start the induction argument with N = 2B1. Then R1 = 0 and the inequality
C(N ,R,B) ≥ R21 + (R2 − R1)B2 + O(N )
is obviously satisfied.
Case 1. Let 1, N + 2 ∈ B.
Subcase 1a. R2 ≤ R1 + B2 − 1 and B2 − 1 ≥ R1.
Since R2 ≤ R1+ B2−1, R2 ≥ R1 and B2−1 ≥ R1, we can apply the induction hypothesis
C(N + 2,R,B) = C(N ,R,B)+ 2R2
≥ R21 + (R2 − R1)(B2 − 1)+ 2R2 + O(N )
≥ R21 + (R2 − R1)B2 + O(N + 2).
Subcase 1b. R2 ≤ R1 + B2 − 1 and B2 = R1.
This implies that B1 ≥ B2, B1 − 1 ≤ R1 + B2 − 1 and R1 ≥ B2 − 1, so we can apply the
induction hypothesis for the coloring {2, . . . , N + 1} = R′ ∪ B′:
C(N + 2,R,B) = C(N ,R′,B′)+ 2B2 − 2 ≥ (B2 − 1)2 + (B1 − B2)R1 + 2B2 − 2+ O(N )
= R21 + (R2 − R1)B2 + O(N + 2).
Subcase 1c. R2 = R1 + B2.
In this case it is sufficient to use Lemma 2 to obtain the inequality
C(N + 2,R,B) ≥ R21 + B22 + O(N + 2) = R21 + (R2 − R1)B2 + O(N + 2).
Case 2. Let 1 ∈ R and N + 2 ∈ B.
Subcase 2a. R2 ≤ R1 + B2 − 2.
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In this subcase, the inequalities R2 ≥ R1−1, B2 ≥ R1−1 and R2 ≤ R1+B2−2 are fulfilled,
hence we can use the induction hypothesis again for the coloring {2, . . . , N + 1} = R ∪ B.
C(N + 2,R,B) = C(N ,R,B)+ 2R2 ≥ (R1 − 1)2 + (R2 − R1 + 1)(B2 − 1)+ 2R2 + O(N )
≥ R21 + (R2 − R1)B2 + O(N + 2).
Subcase 2b. R2 ≥ R1 + B2 − 1.
Here we have R2 ≥ R1−1 and B2+R1−R2 = 0 or 1. In this case, we also apply Lemma 2,
but for the coloring {2, . . . , N + 1} = R ∪ B, and obtain
C(N + 2,R,B) = C(N ,R,B)+ 2R2 ≥ (R1 − 1)2 + (B2 − 1)2 + 2R2 + O(N )
≥ R21 + B22 + 2R2 − 2R1 − 2B2 + O(N + 2)
≥ R21 + (R1 − R2)B2 + O(N + 2).
Case 3. Let 1, N + 2 ∈ R.
Let us observe that in this case R2 − 1 ≥ R1 − 1, B2 ≥ R1 − 1 and R2 − 1 ≤ R1 − 1+ B2,
hence
C(N + 2,R,B) = C(N ,R,B)+ 2R2 − 2
≥ (R1 − 1)2 + (R2 − R1)B2 + 2R2 − 2+ O(N )
≥ R21 + (R2 − R2)B2 + O(N + 2).
Case 4. Let 1 ∈ B and N + 2 ∈ R.
Subcase 4a. R2 = R1.
In this case, one can apply Fact to obtain our inequality.
Subcase 4b. R2 ≥ R1 + 1.
Observe that in view of the above inequality, we can directly apply the induction hypothesis
for the coloring {2, . . . , N + 1} = B ∪R.
C(N + 2,R,B) = C(N ,B,R)+ 2B2
≥ R21 + (R2 − R1 − 1)B2 + 2B2 + O(N )
≥ R21 + (R2 − R1)B2 + O(N + 2).
Lemma 2 is too weak to prove that S(N ) ≥ (1/22+ c)N 2 + O(N ) for every coloring with
R2 ≤ R1 + B2. To prove this inequality, we will also need the following lemma.
LEMMA 4. For every 2-coloring [N ] = R ∪ B such that B2 ≥ R1 and R2 ≥ R1 the
following inequality holds
C(N ,R,B) ≥ R21 + (B2 − R1)2 + O(N ).
PROOF. We use the same argument as in the previous two lemmas.
We start the induction argument with N = 2R2. Then R1 = 0 and the inequality
C(N ,R,B) ≥ R21 + (B2 − R1)2 + O(N )
is also satisfied.
Case 1. Let 1, N + 2 ∈ B.
Subcase 1a. B2 − 1 ≥ R1.
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We can apply the induction hypothesis for the coloring {2, . . . , N + 1} = R ∪ B :
C(N + 2,R,B) = C(N ,R,B)+ 2B2 − 2
≥ R21 + (B2 − R1 − 1)2 + 2B2 − 2+ O(N )
≥ R21 + (B2 − R1)2 + O(N + 2).
Subcase 1b. B2 = R1.
In this case, it is sufficient to use Fact to obtain the inequality
C(N + 2,R,B) ≥ R21 + O(N + 2) ≥ R21 + (B2 − R1)2 + O(N + 2).
Case 2. Let 1 ∈ R and N + 2 ∈ B.
In this case, we have R2 ≥ R1 − 1 and B2 − 1 ≥ R1 − 1; hence we can use the induction
hypothesis for the coloring {2, . . . , N + 1} = R ∪ B.
C(N + 2,R,B) = C(N ,R,B)+ 2R2
≥ (R1 − 1)2 + (B2 − R1)2 + 2R2 + O(N )
≥ R21 + (B2 − R1)2 + O(N + 2).
Case 3. Let 1, N + 2 ∈ R.
Let us observe that R2 − 1 ≥ R1 − 1 and B2 ≥ R1 − 1, hence
C(N + 2,R,B) = C(N ,R,B)+ 2R2 − 2
≥ (R1 − 1)2 + (B2 − R1 + 1)2 + 2R2 − 2+ O(N )
≥ R21 + (B2 − R2)2 + O(N + 2).
Case 4. Let 1 ∈ B and N + 2 ∈ R.
Subcase 4a. R2 − 1 ≥ R1.
Note that the inequalities R2 ≥ R1 − 1 and B2 ≥ R1 are satisfied.
C(N + 2,R,B) = C(N ,R,B)+ 2B2
≥ R21 + (B2 − R1)2 + 2R2 − 2+ O(N )
≥ R21 + (B2 − R2)2 + O(N + 2).
Subcase 4b. R2 = R1.
We apply the induction hypothesis for the coloring {2, . . . , N + 1} = B′ ∪R′.
C(N + 2,R,B) = C(N ,B′,R′)+ 2B2
≥ (R2 − 1)2 + (B1 − R2)2 + 2B2 + O(N )
≥ R21 + (B2 − R1)2 + O(N + 2). 2
Using the previous lemmas, we are able to solve the problem posed by Graham et al. as
follows.
THEOREM 1. For every positive integer N,
S(N ) = N 2/22+ O(N ).
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PROOF. If R2 ≥ R1 + B2 (or B2 ≥ B1 + R2), then from Lemmas 1 and 2 one can deduce
that
S(N ) ≥ inf
[N ]=R∪B
1
4
(R2 + B2 − N 2/2+ 2R21 + B21 + B22 )+ O(N ).
Hence, it is enough to find
inf
[N ]=R∪B
(R2 + B2 − N 2/2+ 2R21 + B21 + B22 ).
The function above is a two variables function (in R1 and R2), because R = R1 + R2, B1 =
N/2− R1, B2 = N/2− R2 and B = N − R1 − R2. The minimum of this function is N 2/22
and it is achieved on the points R1 = 3N/22+ O(1) and R2 = 9N/22+ O(1), hence,
S(N ) ≥ N 2/22+ O(N ).
If R2 ≤ R1 + B2, R2 ≥ R1 and B2 ≥ R1 (or for example B1 ≤ R1 + B2, B1 ≥ B2 and
R1 ≥ B2 ), then using Lemmas 1, 3 and 4, we show that S(N ) ≥ (1/22+ c)N 2 for a certain
positive constant c. If we apply Lemma 3, then the function
1
4
(R2 + B2 − N 2/2+ 2R21 + B21 + (R2 − R1)B2)
achieves minimum equal to N 2/22 on points R2 = R1 = 5N/22. To obtain required inequal-
ity, we split the considered region in two parts. The first is the small neighborhood of the point
R2 = R1 = 5N/22, where we apply Lemma 4. For the rest of this area, we use Lemma 3. In
both cases, we obtain that
S(N ) ≥ inf 1
4
(R2 + B2 − N 2/2+ R21 + B21 + C(N ,R,B))+O(N )
≥ (1/22+ c)N 2,
for a certain positive constant c. 2
We proved even more, namely that every extremal partition must satisfy the inequality R2 >
R1 + B2. Moreover, it has ∼ 6N/11 red elements, ∼ 3N/22 in the first and ∼ 9N/22 in the
second part of the coloring. The results above allow us to completely determine the structure
of the colorings, which minimize the number of monochromatic Schur triples.
3. EXTREMAL COLORINGS
From now on, let us assume that N is a sufficiently large integer and [N ] = R ∪ B is an
extremal coloring, i.e., S(N ,R,B) = S(N ). Consequently, from Theorem 1 we have B1 =
(1 + o(1))4N/11 and B2 = (1 + o(1))N/11. Let A(n,m) be the number of elements from
the set A belonging to {n, n + 1, . . . ,m} and let r1 = minR1, b1 = maxB1, r2 = maxR2,
b2 = minB2. Now we will prove some lemmas, which are simple consequences of Lemma 1
and Theorem 1.
LEMMA 5. If [N ] = R ∪ B is an extremal coloring, then
b1 − r1 ≤ 2B2 + 4.
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PROOF. Assume for a moment that b1 − r1 > 2B2 + 4. Then we change the colours of the
numbers b1, r1 and obtain a new coloring [N ] = R′ ∪ B′. We show that
S(N ,R,B) > S(N ,R′,B′).
The main formula states that
S(N ,R,B) = 1
4
(R(R−1)+B(B−1)−N (N−1)/2+R21+B21+C(N ,R,B))−
1
2
S ′(N ,R,B);
thus, in view of R = R′, B = B ′, R1 = R′1, and B1 = B ′1, it is sufficient to prove that
C(N ,R,B)− 2S ′(N ,R,B) > C(N ,R′,B′)− 2S ′(N ,R′,B′).
Let us note that
S ′(N ,R,B) ≤ S ′(N ,R′,B′)+ 3
and
C(N ,R′,B′) = C(N ,R,B)− 2R(N − b1 + 1, N − r1)+ 2B(N − b1 + 1, N − r1)
≤ C(N ,R,B)− 2(b1 − r1 − 1− B2)+ 2B2 < C(N ,R,B)− 6,
which contradicts that S(N ,R,B) is minimal. 2
LEMMA 6. If [N ] = R ∪ B is an extremal coloring, then,
r2 − b2 ≤ 3.
PROOF. Let us assume that r2 − b2 > 3. First, observe that if R(N − r2 + 1, N − b2) <
(r2 − b2 − 1)/2− 1, then by changing the colours of the elements b2 and r2 (as in Lemma 5),
we obtain a contradiction (S ′ can change by no more than 2). Hence, we may assume that
R(N−r2+1, N−b2) ≥ (r2−b2−1)/2−1. In particular, this implies that r2−b2 ≤ 2R1+2
and consequently, we obtain
r1 ≤ N − b2 − 1− (r2 − b2)/2+ 1 ≤ N − r2 + R1 + 1,
so
b1 − r1 > N/2− R1 − N + r2 − R2 − 1 ≥ r2 − N/2− 2R1 − 1.
Since r2 ≥ N/2+ R2 ≥ (1+ o(1))10N/11 and R1 = (1+ o(1))3N/22, we have
b1 − r1 > (1+ o(1))3N/11 > 2B2 + 4,
which contradicts Lemma 5. 2
LEMMA 7. If [N ] = R ∪ B is an extremal coloring, then
b1 − r1 ≤ 1.
Moreover, b1 − r1 = 1 holds if and only if B1 is even.
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PROOF. Lemma 5 gives us b1 − r1 ≤ (1 + o(1))2N/11. From Lemma 6 one can deduce
that r1 ≥ (1+ o(1))2N/11 and {[N/2] + 1, . . . , [19N/22]} ⊆ R.
Note that if we change the colours of the numbers r1, and b1, then,
S ′(N ,R,B) ≤ S ′(N ,R′,B′)+ 1.
Thus, as long as b1 − r1 > 1, the argument from Lemma 5 can be applied to obtain a contra-
diction. Observe that the case b1 − r1 = 1 is also possible if and only if
S ′(N ,R,B) = S ′(N ,R′,B′)+ 1,
which occurs only for even B1. 2
Using very similar arguments as in the previous lemma, one can prove the following lemma.
LEMMA 8. If [N ] = R ∪ B is an extremal coloring, then
r2 − b2 ≤ 1.
Moreover, r2 − b2 = 1 holds if and only if N − B2 is odd. 2
Finally, we arrive at the main theorem. The previous lemmas easily imply the following
statement, which precisely describes the structure of extremal colorings.
THEOREM 2. If [N ] = R ∪ B is an extremal coloring, then either
B1 = [B1], B2 = [N ] \ [N − B2] or,
B1 = [B1 − 1] ∪ {B1 + 1}, B2 = [N ] \ [N − B2] or,
B1 = [B1], B2 =
([N ] \ [N − B2 + 1]) ∪ {N − B2 − 1} or,
B1 = [B1 − 1] ∪ {B1 + 1}, B2 =
([N ] \ [N − B2 + 1]) ∪ {N − B2 − 1}.
The second case occurs only if B1 is even, the third if N − B2 is odd and the fourth if B1 is
even and N − B2 is odd.
Using Theorem 2, one can find the exact value of S(N ). For example, if N ≡ 0 (mod 22),
then one can show that every extremal coloring must fulfill one of the following conditions
(1) B1 = 4N/11, B2 = N/11
(2) B1 = 4N/11− 1, B2 = N/11
(3) B1 = 4N/11− 1, B2 = N/11+ 1.
Since N/11 is even, Theorem 2 implies that there are exactly five extremal coloring; further-
more, we obtain
S(N ) = N 2/22− 7N/22.
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